In this study, a theoretical investigation of optimized sleeper spacing which can suppress resonances of a railway track is attempted. To achieve this, we introduced a minimization problem in which the objective function is given by the wave transmittance and the design variable is defined by sleeper distribution. In the analysis the rail is modeled by a Timoshenko beam and the sleeper is represented by a mass. The infinite track analysis is realized by attaching the transmitting boundaries at both ends of the finite optimization region. Through numerical analyses the sleeper spacing effective in reduction of the transmittance is discussed. Furthermore, the feasibility of the proposed method is validated in the aspect of vibration reduction through response analyses for a harmonic load.
Introduction
The sleeper spacing of railway track has crucial effect on rail vibration properties. Less rail vibration leads to the saving of maintenance cost, safety of railway track and passenger comfort. Therefore, research on the influence of sleeper distribution on the track vibration is significant.
It is known that a railway track has non-uniform sleeper spacing (Wu and Thompson, 2000; Oscarsson, 2002) . Wu and Thompson(2000) discussed the stochasticity in sleeper spacing and ballast stiffness.
Through numerical experiments they concluded that the pinned-pinned resonance may be suppressed due to the random sleeper spacing. Oscarsson(2002) discussed statistical properties such as rail pad stiffness, ballast stiffness, dynamic ballast-subgrade mass and sleeper spacing. In this work the mean values and standard deviations of these quantities were calculated by perturbation method. However, the firstorder statistics was applied only to five-span model. Heckl(1995) investigated the effect of random sleeper spacing on the noise reduction. He concluded that, although the stochasticity in sleeper distance may increase the vibration near the excitation point, it contributes to the reduction of the wave propagation along the rail. Nordborg(1998) has discussed the influence of randomness in the sleeper spacing and pad stiffness on the parametrically excited rail/wheel vibrations. It was found that these irregularities may increase the vibration level under the rail/wheel interaction. In Abe et al.(2011) , response analyses for a harmonic load have been attempted for uniform and random sleeper spacing railway tracks. As a result, it was found that the amplitude response of the railway track is less in the latter case. It implies the sleeper spacing affects to the rail vibration. Although, the above mentioned studies focused on tracks with unevenly distributed sleepers, an optimal sleeper distribution for some objective function was not discussed. However, this attempt will contribute to the development of new tracks.
In this study, we theoretically investigate the optimal sleeper spacing which can suppress the resonances of a railway track. In a continuous welded rail, waves propagating in the rail will dominate the dynamic response of track. Especially, the band structure of the track gives some fundamental characteristics of wave modes. Since the resonant frequencies are locating at band edges, excitation of those modes will be avoided by reducing the transmitting energy at the resonant frequencies.
Therefore, the optimization problem is defined by minimization of the energy transmittance. The sleeper distribution in a finite track region is considered as design variables. In the analysis numerical model consisting of an infinite rail and discrete sleepers supported on a rigid foundation is considered. Semiinfinite tracks attached at both ends of the optimized region are represented by transmitting boundaries.
Through numerical examples the developed optimization method is validated, and the efficiency of the proposed strategy is investigated.
Railway Tracking Modeling
Let us consider an infinite track having a finite optimization region subjected to an incident wave   as shown in Figure 1 
Equation of Motion of Optimization Region
To achieve the dynamic analysis, the track is divided into three sub-structures as illustrated in 
where    is a sub-vector associated with nodes in the optimization region except on the transmitting 
In Equation (3) and (4)   ,   ,    are the impedence matrices derived in Abe et al.(2012) , which represent the semi-infinite regions.
Solving Equation
Substituting Equation (3) and (4) into Equation
(2) and arranging with respect to displacement vector, we can obtain the solving equation:
Note that there are no unknowns on the righthand side. We can thus accomplish the dynamic response analysis. In the optimization analysis the transmittance   which is defined by the energy ratio of transmitting wave to incident wave is evaluated.   is expressed by
where    and    are time averages of the energy of incident and transmitting waves and Im() stands for the imaginary part of a complex number.
Optimization Method

Optimization at a Frequency
Let us consider a minimum transmittance problem for a certain frequency. The objective function  is given by
In Equation (7), with the Lagrange multipliers  and , the following constrained conditions are
where      is the solving equation of Equation (5). Variation of  due to   →   ∆  is expressed by
Note that, during the optimization process, there is no change in the impedance matrices and thus in the right-hand side of Equation (5) 
where   is a matrix which extracts the component    from the full vector . Then we obtain the next equation
In the following, for the sake of simplicity, "Im" will be omitted. For the elimination of ∆ and ∆   in Equation (12), Equation (7) is modified
Then ∆ is expressed by
From Equation (14), we introduce adjoint problems:
Equation (15) leads to the following equation:
Substituting Equation (16) into Equation (14), we obtain the design sensitivity:
Since ∆   ∆   and    is a real matrix, the next relation can thus be obtained
where   is a row vector consisting of the same component of 1, and ∆     ⋯   . In order to assure the improvement, ∆ is given by
In Equation (19), ∆ 0 controls the maximum increment of sleeper spacing per optimization step.
Substituting Equation (19) into Equation (18), we
Note that ∆ 0 is guaranteed from Equation (20) and thus the minimum value of  will be obtained in a process of the optimization.
Also, the following condition is needed to satisfy the restriction condition of Equation (1),
Therefore  can be determined as
Optimization Under a Frequency Range
In the prior subsection the objective function is evaluated at a certain frequency. However, it is practical to discuss the performance in a range of 
    ∆
In the following examples, the optimized sleeper spacing is obtained from Equation (24).
Numerical Examples
Optimization Analysis
소드빌릭 바트자갈․카주히사 아베․카주히로 고로
한국전산구조공학회 논문집 제25권 제6호(2012.12) 573 The band structure of a periodic system can be obtained by dispersion analysis (Mead, 1970) . Figure   3 shows the dispersion curves for a periodic track in which the sleeper spacing is constantly 60cm(  =60cm). A frequency range in which a dispersion curve is lying is called pass band, while other one is called stop band. It is known that resonance occurs at the band edges, i.e. at 76Hz, 173Hz, 343Hz, 942Hz and 1036Hz. As given in Equation (19) the transmittance is evaluated by an incident wave. Therefore, the transmittance can be calculated only for frequencies whereat the propagating modes exist.
The transmittance of the uniform sleeper spacing case is shown in Figure 4 . Frequency bands of   =1 is the pass band, while   =0 is the stop band.
Since resonance occurs at the band edges, reduction 
Influence of the Number of Spans on Optimization
We evaluate the influence of the number of spans on the optimization process. Numerical results are summarized in Table 1 
Numerical Results
Three types of sleeper spacing are employed, i.e uniform(  =60cm), optimized(listed in Table 2 ) and random distributions in the range of 55≦   ≦65cm.
As a result the receptance at the loading points ②-④, ⑤-⑥ and ⑦-⑨ are in same tendency of characteristics, respectively. Also, due to the symmetry of the repetition pattern, dynamic reaction at points ① and ⑩ are resulted completely same. Therefore, numerical results of loading at points ①, ③, ⑤ and ⑧ are shown in Figure 12 . In the uniform sleeper spacing case resonance is sharply outstanding at about 1000Hz for all of the loading points. In the 
Conclusions
In this paper, we have developed an optimization method in which the objective function is given by the transmittance and the design variable is defined by the sleeper distribution. Through numerical analyses it was found that the optimization of sleeper spacing is particularly effective in reducing the transmittance of high-frequency bands. Furthermore, the feasibility of the proposed method was validated through response analyses for a harmonic load. The optimization of sleeper spacing will be effective to suppress the resonance at higher band edges.
Since the wave length of rail modes becomes comparable with the sleeper distance at about 500Hz or higher, the optimization of sleeper distribution will be effective for these higher frequencies.
On the one hand, the resonance at a frequency lower than 100Hz is dominated by the sleeper vibration. Hence it is difficult to reduce this resonant peak by controlling the sleeper spacing.
Instead of this method, the employment of low stiffness pads will be more effective at lower frequencies. Therefore, it can be concluded that the combination of the conventional means with the proposed optimization of sleeper position will be desirable for the comprehensive vibration reduction of the railway tracks.
